Based on a recent paper by Rothe and Schäfer on compact binary systems [J. Math. Phys.
I. INTRODUCTION
Compact binaries are important objects in the relativistic astronomy and astrophysics.
Their orbital motions however are difficult to calculate if the Einstein theory of gravity is deeply needed for sufficient accuracy. Analytically, only approximate solutions are known whereby post-Newtonian (PN) approximation calculations have shown to be most efficient, e.g. [1] . Very helpful is the knowledge of Hamiltonians because they easily allow the transition to the rest frame by putting the total linear momentum, which simply is the linear sum of the linear momenta of the single components, equal to zero which is allowed whenever the center-of-mass motion is unimportant. In this way, the rest-frame dynamics of post-Newtonian gravitationally bounded binary systems has often been derived, e.g. [2] [3] [4] [5] [6] .
However, if for example a binary system is part of a hierarchical triple system its total motion becomes crucial and a more general treatment is required, e.g. [7] [8] [9] [10] . The same holds if the recoil of merging binary systems through gravitational wave emission cannot be neglected, see e.g. [11, 12] . A specific topic in the gravitational recoil problem is the generalization of the effective-one-body method to the binary-center motion, see e.g. [13] . These topics clearly make a strong case for the investigations performed in the present paper.
The transition from standard canonical coordinates to center and relative coordinates is nothing but a canonical transformation. The generators of this canonical transformation have been derived up to third post-Newtonian (3PN) order, even including spin degrees of freedom, in [14] . However, explicit expressions for the relations between the center and relative coordinates and the standard canonical coordinates of the binary components, and vice versa, have not been given. The present paper closes this gap through 2PN order (the expression through 3PN order are known to us but they seem too long for publication).
Relying on the diploma thesis by one of the authors, [15] , we give explicit expressions for canonical center and relative coordinates in terms of standard canonical coordinates up to 2PN order. We particularly show that, using these expressions, the Pythagoreantheorem-type Lorentz-invariant relation between the system's total energy (or Hamiltonian squared), the rest energy (or mass squared, only depending on relative coordinates), and the total linear momentum squared holds up to 2PN approximation. Readers interested in historical information on the relativistic two-body problem in relation to center and relative coordinates may find details in e.g. [16] .
II. FUNDAMENTALS
We start with standard canonical position and linear momentum coordinates (variables) for the components of a binary system, denoted by (x a , p a ), with coordinate-components (x i a = x ai , p ai = p i a ) -using four-dimensional metric signature +2, we do not need to discriminate between covariant and contravariant components of our cartesian coordinates -, where the labels a = (1, 2) and i = (1, 2, 3) number the involved objects and the coordinatecomponents, respectively. These variables are called the same in all our various PN approximations. Also, the total linear momentum, P = a p a , and the total orbital angular momentum, L = a x a × p a , are given by the same expressions through all PN orders. A simple transformation takes us to the following set of coordinates, which we call Newtonian coordinates, because in the realm of Newtonian physics they are nothing but the Newtonian center-of-mass, X N , the total linear momentum, P N (= P), the relative position, x N , and the relative momentum, p N , coordinates of two objects with mass parameters m a ,
Within the Hamiltonian framework a set of coordinates is called canonical if the equations of motion are in Hamiltonian form,
where {, } denotes the Poisson brackets.
Every set of canonical coordinates can be used to evaluate the Poisson brackets and the canonical coordinates satisfy the canonical commutation relations, which read for the two different sets of canonical coordinates,
We are looking for a new set of canonical coordinates (X, P, x, p) such that the equations of motion decouple into an external and an internal part. In Newtonian physics we simply insert a Newtonian Hamiltonian (H =
) and find that the equations decouple,
where m = m 1 + m 2 , µ = m 1 m 2 /m, and r 12 = |x 1 − x 2 |. Apparently, the quantities that determine the external motion (X N , P N ) are independent from those quantities of the internal motion (x N , p N ) and vice versa.
In the relativistic theory we have to make an effort to decouple the equations of motion.
We note that the energy-momentum relation, with c denoting the speed of light,
provides us with an equation, linking M, the invariant rest mass, and E, the conserved total energy. The total energy equals the Hamiltonian of the system since we are using canonical coordinates from the very beginning. It is a requirement for the notion of center and total momentum coordinates that M is not depending on external coordinates
applying the canonical commutation relations
The Hamiltonian determines the equation of motion of any function f on phase space,
in particular,Ẋ
Usually, in the binary problem, it is sufficient to just set P k = 0 in order to transform to the rest frame, e.g. [5] . In this paper though, we are interested in finding coordinates without resorting to this shortcut. We say that M is decoupling, if it is only depending on internal coordinates.
Let us summarize the properties the new coordinates should have. First, the new set of coordinates has to be a canonical set of coordinates, so that the Hamiltonian form of the equations of motion is preserved. Second, the total linear and angular momenta have to be preserved in their forms and are therefore fixpoints of the transformation. Third, the equations of motion should decouple as described above. Last, the Newtonian limit should reproduce the known Newtonian two-body Hamiltonian in center-of-mass and relative coordinates, which is ensured because we do not leave the post-Newtonian framework.
The first requirement is realised by introducing a canonical transformation T g , which will raise the Newtonian coordinates to a given higher order post-Newtonian level:
The transformation T g can be represented in terms of its infinitesimal generator g by a
Lie-series of the form
Clearly, T g written in this way, defines a canonical transformation.
The second requirement then translates into the following conditions:
where J denotes the total angular momentum, i.e. J = L + S with S = a s a [actually in our paper, the spins s a of the single objects are put equal to zero]. The generator g has been calculated in [14] for various PN approximations. For the convenience of the reader, we recap the generators relevant to us in the Appendix.
The Poincaré or inhomogeneous Lorentz group is the fundamental symmetry group of physical systems living in Minkowski spacetime. Isolated systems living in spaceasymptotically flat spacetime, i.e. asymptotic Minkowski spacetime, also have the Poincaré group as their symmetry group. This is the case here. However, our systems are not fully relativistic, but only relativistic to some given PN order. Therefore the Poincaré group is not the exact symmetry group but only to a given PN order. In particular, this means that the Poincaré algebra is only fulfilled to a given PN order as well.
The Poincaré algebra is explicitly given by (see [4] for details) (in flat spacetime, t would be a physical time parameter all-over space belonging to some specific inertial reference system).
The relativistic canonical center position vector can then be written in the form, e.g. [14] ,
This choice of X ensures that M will only depend on internal variables, i.e.
The Poincaré algebra also indicates the following Poisson brackets, which we want to add for completeness,
In our case of non-spinning objects, the canonical center position vector simplifies to
Notice that the canonical center position vector does not coincide in general with the centerof-energy (or center-of-mass) position vector which is defined by
, e.g. [17] . For a synopsis of the various center definitions see e.g. [18] .
III. CANONICAL CENTER AND RELATIVE COORDINATES
With the aid of the relations in equation (12) XTensor [20, 21] . All files are available upon request.
The coordinate transformations are expressions with many summands, therefore, we split them into terms proportional to c −2n . First, we start with the center coordinate X, which, initially, is identical to the center-of-mass X N . Second, we present the new relative coordinate x and last, the new relative momentum p. The total linear momentum is left unchanged, i.e.
The new coordinates are functions of (P N , x N , p N ) or, after a simple substitution,
. Apart from X, there is no dependency from X N by construction. We use the abbreviation r
− G(5m
The total angular momentum of our binary system with non-spinning components, i.e. J = L = a x a × p a , in center and relative coordinates, reads,
Like P, also J = L is a fixpoint of our canonical transformation.
IV. INVERSE TRANSFORMATION THROUGH 2PN
It is necessary to know the original Newtonian canonical coordinates in terms of the new center and relative coordinates, in order to substitute the old for the new coordinates in a given equation. With a simple further transformation, the standard coordinates for the single components of the binary system can then be obtained as functions of the new center and relative coordinates. The inverse transformation through 2PN order reads,
The equations (33) are simply rearrangements of previous relations and the single terms
. Now we are going to invert the transformations step by step. In a first step we replace simultanously x N with
x and p N with p on the right hand side of equations (33). Then we regroup the terms proportional to c −2 and find the inverse transformation to first order. The first order inverse transformation is then used in another step to derive the second order inverse transformation. 
We thus found the old coordinates as functions of the new coordinates. Notice the tremendous simplification of the relations in the rest frame where P = 0 holds.
V. DECOUPLING THE REST MASS
In this last section, we want to show that our newly derived coordinates do as promised,
i.e. M decouples in the new coordinates up to 2PN approximation, analogously to the Newtonian case. For convenience, let us restate equation (6):
After squaring the Hamiltonian H = mc 2 + H N + ) and grouping all terms together that are proportional to a factor in c −2n , we find the following structure:
In the spirit of the perturbative nature of post-Newtonian theory, we expand M with the parameter c −2 in a Taylor series: 
It is obvious that M does not decouple in the old Newtonian coordinates.
